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This is Ά study of phase-coherent conduction through a ballistic point contact with disordered
leads. The disorder imposes mesoscopic (sample-to-sample) fluctuations and weak-localization cor-
rections on the conductance, and also leads to time-dependent fluctuations (shot noise) of the cur-
rent. These effects are computed by means of a mapping onto an unconstricted conductor with a
renormalized mean free path. The mapping holds in both the metallic and the localized regimes,
and permits a solution for an arbitrary ratio of mean free path to sample length. In the case of a
single-channel quantum point contact, the mapping is onto a one-dimensional disordered chain, for
which the complete distribution of the conductance is known. The theory is supported by numerical
simulations.
I. INTRODUCTION
The problem addressed in this paper is that of phase-
coherent electron transport through a ballistic point con-
tact between disordered metals. The geometry is shown
schematically in Fig. 1. The same problem was studied
recently by Maslov, Barnes, and Kirczenow (MBK),1 to
whose paper we refer to for an extensive introduction and
bibliography. The analytical theory of MBK is limited
to the case that the mean free path / for elastic impu-
rity scattering is inuch greater than the total length L of
the system. In this "quasiballistic" case of l ~^> L, the
backscattering through the point contact by disorder in
the wide regions can be treated perturbatively. In the
present paper we go beyond MBK by solving the prob-
lem for arbitrary ratio of l and L, from the quasiballistic,
through the drffusive, into the localized regime of quan-
tum transport.
Just äs in Ref. l, we model the scattering by the
impurities and by the constriction by independent and
isotropic transfer matrices. That is to say, we write the
transfer matrix M of the whole system äs the product
M = M^MoMi of the transfer matrices MI and M? of
the two wide disordered regions and the transfer ma-
trix MO of the ballistic constriction, and then we äs-
FIG. 1. Schematic Illustration of the point-contact geom-
etry, consisting of a ballistic constriction [with conductance
JVo(2e2//i)] in a disordered wire (with length L = Z/i + L?,
mean free path l, and N transverse modes). To define a scat-
tering geometry, the disordered regions (dotted) and the point
contact (black) are separated by scattering-free Segments.
sume that the three transfer matrices are distributed ac-
cording to independent and isotropic distributions pi(Mj)
(i = 0,1,2). [A distribution p(M) is called isotropic if
it is only a function of the eigenvalues of MM^.] The
assumption of three independent transfer matrices re-
quires a spatial Separation of scattering by the impu-
rities and by the constriction, which prevents us from
treating the effects of impurity scattering on the con-
ductance quantization. (This problem has been treated
extensively in the past, cf. Ref. 2 for a recent review.)
The isotropy assumption for the transfer matrix MO of
the constriction is a simple but realistic model of the
coupling between wide and narrow regions, which im-
plies that all N transverse modes in the wide regions (of
width W) to the left and right of the constriction (of
width Wo) are equally coupled to each other.3 The ba-
sic requirement here is that the widening from WQ to W
occurs abruptly and without spatial symmetries.4 The
isotropy assumption for the transfer matrices MI and
MI of the disordered regions (of length Z/i and L^} re-
quires aspect ratlos Li/W^L^/W ^> l corresponding to
a wire geometry.5 Finally, we assume that the impurity
scattering is weak in the sense that l 3> λ^ (with Xp
the Fermi wavelength). Under these assumptions we can
treat the impurity scattering within the framework of the
Dorokhov-Mello-Pereyra-Kumar (DMPK) equation.6'7
The key result which enables us to go beyond MBK
is a mapping between the constricted and unconstricted
geometries in Figs. l and 2. The unconstricted geome-
try of Fig. 2 is a disordered wire of length L = LI + L2,
with TVo transverse modes and mean free path l/v. The
number NQ is determined by the quantized conductance
No(2e2/h) of the point contact in the constricted geom-
etry. The fraction v is defined by
v =
ßNo + 2-ß
ßN + 2-ß' (1.1)
/~ * ' l — r*
(Here β G {1,2,4} is the Dyson index, which equals l in
zero magnetic field, 2 in a time-reversal-symmetry break-
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FIG. 2. Unconstricted geometry, with length L, mean free
path //i/, and NO transverse modes. The key result of this
paper is the equivalence with the constricted geometry of Fig.
l, for v given by Eq. (1.1).
ing magnetic field, and 4 in zero field with strong spin-
orbit scattering.) Starting from the DMPK equation,
we will deduce (in See. II) that the conductance has the
same probability distribution in the two geometries. The
equivalence holds for all moments of the conductance, so
that it allows us to obtain (in See. III) the effect of the
point contact on weak localization and universal conduc-
tance fluctuations directly from known results for disor-
dered wires8 — without the restriction / » L of Ref. 1.
It also holds for other transport properties than the con-
ductance (in fact it holds for the complete distribution of
the transmission eigenvalues) . As an example of current
interest, we will compute the suppression of shot noise in
the point-contact geometry.
In See. IV we consider the case NO = l of a quan-
tum point contact with a single transmitted channel.
The mapping is then onto a single-mode wire (or one-
dimensional chain) of length L and mean free path
\(ßN + 2 - ß)l. The one-dimensional (1D) chain has
been studied extensively in the past äs the simplest pos-
sible System exhibiting localization.9'10 The precise corre-
spondence with the problem of a single-channel ballistic
constriction in a multichannel disordered wire seems to
be both novel and unexpected. From this correspondence
we predict that the resistance R of the point contact has
an exponential distribution,
Nl
R > h/2e2 (1.2)
provided the disordered wire is metallic (Nl/L ~^> 1).
The width of the distribution decreases by a factor of 2
upon breaking time-reversal symmetry in the absence of
spin-orbit scattering (ß = l -> β — 2).
To test the theoretical predictions we present (in See.
V) results of numerical simulations, both for TVo ^> l and
for NO — 1. The numerical data for the density of trans-
mission eigenvalues provide independent support for the
mapping. In particular, we find good agreement with Eq.
(1.2), including the decrease in width upon application
of a magnetic field.
II. MAPPING OF CONSTRICTED
ONTO UNCONSTRICTED GEOMETRY
The first step is to show that the geometry of Fig. l,
with lengths LI and L^ of disordered wire to the left
and right of the point contact, is equivalent to the ge-
ometry of Fig. 3, with a length L = LI + L^ of dis-
FIG. 3. Constricted geometry with all disorder at one side
of the point contact. For isotropic transfer matrices this ge-
ometry is statistically equivalent to that of Fig. 1.
ordered wire to one side only. The transfer matrix for
Fig. l is M = M2M0Mi, the transfer matrix of Fig. 3 is
M' — ΜοΜιΜ·2· The corresponding probability distri-
butions p(M) and p'(M1) are
Ρ=Ρ2*Ρο*Ρι, (2.1)
p'=Po*Pi*P2, (2.2)
where the symbol * denotes a convolution:
Pi *Pj(M) = jdMjp^MMr^p^Mj). (2.3)
(The invariant measure dM on the group of transfer ma-
trices is introduced in Refs. 7 and 8.) Isotropic distribu-
tions have the property that their convolution does not
depend on the order: pi *PJ = PJ *pi if both pi and PJ are
isotropic (see the Appendix for a proof). It follows that
p = p', and hence that the geometries of Figs. l and 3 are
equivalent. Note that the isotropy assumption is crucial
here, otherwise the convolution would not commute.
The second step is to show the equivalence of the con-
stricted geometry of Fig. 3 with the unconstricted ge-
ometry of Fig. 2. We recall5 that the 2JV eigenvalues of
the transfer matrix product MM^ come in inverse pairs
exp(±2x„), n = 1,2, ...,N. The ratio L/x
n
 6 [0, oo)
has the significance of a channel-dependent localization
length. We define
T
n
 = 1/cosh2 x
n
,
\
n
 = sinh2 x
n
 = (l- T„)/T
n
.
(2.4)
(2.5)
The numbers T
n
 € [0, 1] are the transmission eigenvalues
(i.e., the eigenvalues of the matrix product tfi , with t
the N x N transmission matrix). A ballistic point con-
tact, with conductance 7Vo(2e2//i), has to a good ap-
proximation Tn — l (A„ = 0) for l < n < N0, and
Tn = Ο (λ
η
 -> oo) for 7V0 + l < n < N. (This is a
statement about transmission eigenvalues, not about the
transmission probabilities of individual modes, which are
all of order N0/N.) The joint probability distribution
ΡΛΓ(ΑΙ, λ2, . . . , Α Λ Τ , L) of the λ variables depends on the
length L of the disordered wire according to the DMPK
equation,6'7
N N
Π
(2.6)
(2.7)
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In this formulation the ballistic point contact appears äs
an initial condition
N
limPN= lim TTÄ(A„) ΤΤ Α ( λ
η
- Α ) . (2.8)
L—»Ο Λ—>οο ·*··*· ·"··*·
η=1 n=JV0
The closed channels NO + l < n < N are irrelevant
for conduction and can be integrated out. The reduced
distribution function Pjv(Ai, A 2 , . . . , XNO, L) is defined by
/
OO ftOO ΛΟΟ
d\N0+i / d\No+2 ··· l dXNPjv, (2.9)Jo Jo
and satisfies the evolution equation
N0 „
dL
N0
lim ΡΛΓ =
L-i-O
(2.10b)
n=l
We now compare with the unconstricted geometry of Fig.
2, which consists of a wire with TVo transverse modes,
length L, and mean free path l/v. The probability dis-
tribution Pj\r0 (Αχ, A j , . . . , AJVO , L] for this geometry is de-
termined by
, „ ^
9pN0
dL
III. MANY-CHANNEL POINT CONTACT
In this section we study a point contact which has a
conductance much greater than e2//i, so that NQ ^> 1.
We mainly consider the metallic regime Nl/L ^> l, in
which the conductance of the disordered region sepa-
rately is also much greater than e2/h. Two transport
properties are studied in detail: First the conductance
G, given by the Landauer formula
(3.1)
where GQ = 2e2/h is the conductance quantum; second
the shot-noise power 5, given by11
(3.2)
with So = 2e\V\Go for an applied voltage V. We also
study the transmission-eigenvalue density, from which
other transport properties can be computed. In each case
we apply the mapping (2.12) between the constricted and
unconstricted geometries. The fraction v which rescales
the mean free path in this mapping has, according to Eq.
(1.1), the series expansion
-
i)] . (3.3)
To lowest order, v = No/N. The next term, proportional
to l — 2/ß, contributes to the weak-localization effect.
A. Weak localization and conductance fluctuations
NO
, (2.11a)
n=l
NO
n=l
Comparison of Eqs. (2.10) and (2.11) shows that ΡΛΓ =
PJVO if v is given by Eq. (1.1), äs advertised in the Intro-
duction.
We will apply the mapping between constricted and
unconstricted geometries to study the distribution of
transport properties A of the form A = Σ
η
 ffl(^n), with
lim.A-).oo α(λ) = 0 (so that only the channels n < NQ
contribute). We denote by P (A, s) and P0(A,s) the dis-
tribution of A in, respectively, the constricted and un-
constricted geometries, with s = L/(mean free path).
Since the mean free path in the constricted geometry is a
factor v smaller than in the unconstricted geometry, we
conclude that
P(A,S}=P0(A,„s). (2.12)
This is the key result which allows us to solve the prob-
lem of a ballistic constriction in a disordered wire, for
arbitrary ratio s of wire length to mean free path.
The mean G and variance VarG of the conductance
distribution 7-O(G,i/s) in the unconstricted geometry
were computed by Mello and Stone [Eq. (C23) in Ref.
8],
0(vs/N0),
(3.4)
(3.5)
Substitution of the expansion (3.3) yields for the con-
stricted geometry the average conductance G = G
ser
ies +
SG, with Gseries given by G
ser
i
es
 = Go(N0~1 + s/N)~1 and
SG given by (denoting 7 Ξ
(3-6)
The term of order s/N = L/Nl can be neglected in
+ l-
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the metallic regime. The term Gseries is t he series ad-
dition of the Sharvin conductance Gsharvm — GoNo of
the ballistic point contact and the Drude conductance12
Gorude — G$Nl/L of the disordered region. The term SG
is the weak-localization correction to the classical series
conductance. This term depends on the ratio 7 of the
Sharvin and Drude conductances äs well äs on the ratio
N0/N of the width of the point contact and the wide re-
gions. In the limit N0/N — » 0 at constant 7, Eq. (3.6)
simplifies to
(3.7)
The variance Var G of the sample-to-sample fluctuations
of the conductance around the average depends only on
7 (to order s/N). Prom Eqs. (3.3) and (3.5) we find
presence of the point contact, according to
2
ϊδ^
ι-i 1-
• 67
(1+7)6
(3.8)
In Fig. 4 we have plotted SG and (Var G)1/2 äs a func-
tion of 7 = Gsharvm/Gorude· (The limit NQ/N -> 0
is assumed for 6G.) For large 7 the curves tend to
SGX = |(1 - 2//3)G0 and VarG^ = jl/^G2, which
are the familiär values8 for weak localization and univer-
sal conductance fluctuations in a wire geometry without
a point contact. These values are universal to the extent
that they are independent of wire length and mean free
path. The presence of a point contact breaks this uni-
versality, but only if the Sharvin conductance is smaller
than the Drude conductance. For 7 > l the universality
is quickly restored, according to
(3.11)
(3.12)
Maslov, Barnes, and Kirczenow1 have studied the qua-
siballistic regime / 3> L. They consider a geometry äs in
Fig. l, with LI = L2, and relate the variance Var G of
the whole System to the variance Var G! of one of the
two disordered segments of length |L. Their result (in
the present notation) is
= 72(//£i)2VarG1, (3.13)
in precise agreement with our small-7 result (3.12) [since
Var Gx = 2ß~1(L1/l)2 for / > L±}.
So far we have considered the metallic regime N/s 3> 1.
We now briefly discuss the insulating regime N/'s -C 1.
In the unconstricted geometry the conductance then has
a log-normal distribution,5'13
P0(G, z/s) = Cexp l -
(2/rVs/JVo + lnG/Go)
8ß-lvs/N0
if z/s/JVo » l, (3.14)
with C a normalization constant. The mapping (2.12)
implies that the conductance in the constricted ge-
ometry has also a log-normal distribution, with mean
(InG/Go) - -2/T1 s /N and variance Var(lnG/G0) =
4ß~1s/N. This distribution is independent of the con-
ductance of the point contact, äs long äs NO ^> 1.
Var G
= l - 67~5 +
(3.9)
(3.10)
For 7 < l both SG and Var G are suppressed by the
FIG. 4. Suppression by the point contact of the
weak-localization correction öG and the root-mean-square
conductance fluctuations (VarG)1/2. The dashed and solid
curves are from Eqs. (3 7) and (3.8), respectively. For
7 = Gsharvm/Gorude = N0s/N > l the curves approach the
values öG^ and (VarGoo)1'2 of an unconstricted disordered
wire (normalized to unity in the plot)
B. Suppression of shot noise
The average shot-noise power in the unconstricted ge-
ometry is [Eq. (A10) in Ref. 14]
S/So = N0(l + vs)~l[l - (l + 0(1). (3.15)
The term 0(1) is the weak-localization correction on the
shot noise, which is not considered here. The mapping
(2.12) implies for the constricted geometry
S/S0 = jV0(l + ~ U + 7Γ3], (3.16)
with 7 Ξ NoS/N. Since S0N0(1 + 7)"1 = 2e|F|Gsenes =
2e|/| (with / the current through the point contact),
we can write Eq. (3.16) in terms of the Poisson noise
Spoisson = 2e|J|,
The Suppression of the shot-noise power below the
value Spoisson of a Poisson process is plotted in Fig. 5,
äs a function of the ratio 7 of Sharvin and Drude con-
ductances. For 7 <iC l the shot noise is zero, äs expected
for a ballistic constriction.11'15"17 For 7 3> l the shot
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FIG. 5. Suppression of the shot-noise power S below the
Poisson noise 5p013aon. The solid curve is computed from Eq.
(3.17). The one-third suppression of & diffusive conductor is
indicated by the dashed line.
noise is one-third the Poisson noise, äs expected for a
diffusive conductor.14'18'19 The formula (3.17) describes
the crossover between these two regimes.
C. Density of transmission eigenvalues
We consider the eigenvalue densities
p ( x , s ) = (3.18)
(3.19)
which are related by p(T, s) = p(x,s)\dT/dx l (with
T = l/ cosh2 a;). The (irrelevant) closed channels n > N0
have been excluded from the densities. In the uncon-
stricted geometry we have, according to Ref. 20,
p(x,vs) = -N0ImU(x-iQ+,vs) (3.20)
where the complex function U(z, s) is determined by
U = cotanh(z-st/"), 0 > Im (z - sU) > -|π. (3.21)
The mapping (2.12) implies for the constricted geometry
p ( x , s ) = -N0ImU(x-iQ+,N0s/N)
π
(3.22)
The solution p(x, s) of Eqs. (3.21) and (3.22) is plot-
ted in Fig. 6, for several values of 7 = NQS/N. The inset
shows the corresponding density of transmission eigen-
values p ( T , s ) . For 7 < l, p(T,s) has a single peak at
unit transmission. For 7 > l a second peak develops
near zero transmission, so that the distribution becomes
bimodal. A crossover from unimodal to bimodal distri-
bution on increasing the disorder has also been found in
the case of a tunnel barrier.20'21 The difference with a
point contact is that for a tunnel barrier the single peak
is near zero, rather than near unit, transmission.
6
FIG. 6. Density p(x, s) äs a function of x, computed from
Eqs. (3.21) and (3.22) for several values of 7 Ξ N0s/N.
Curves a, b, c, d, and e correspond, respectively, to 7 = 0.2,
0.5, l, 2, and 4. The inset shows the corresponding den-
sity p(T,s) = p(x,s)\dT/dx\~l of transmission eigenvalues
T = l/ cosh2 x. Note the crossover from unimodal to bimodal
distribution near 7 = 1.
IV. SINGLE-CHANNEL POINT CONTACT
In this section we study a point contact with a quan-
tized conductance of 2e2//i, so that N0 - 1. The DMPK
equation (2.11) for the distribution P i ( X i , L ) ΞΞ P(X,L)
of the single transmitted channel is
(l/v)~
ΙΐιηΡ(λ,Ζ,) =
L—^0
since Ji = 1. Equation (1.1) for the fraction v which
rescales the mean free path becomes
ßN + 2-ß (4.2)
The partial differential equation (4.1) has been studied äs
early äs 1959 in the context of propagation of radio waves
through a waveguide with a random refractive index.22'23
In the 1980s it was rederived and investigated in great
detail,24~~28 in connection with the problem of localization
in a 1D chain.9'10 The solution can be written in terms of
Legendre functions, or more conveniently in the integral
representation
P(A,L) = (2w)
/
oo
rcc
du
wexp(— M2
;osh(i+2A) ""(coshu - l - 2Λ)1/2 ' (4.3)
According to the Landauer formula (3.1), the conduc-
tance G of the whole System is related to the variable
X = (l~ T)/T by G = G„(l + λ)-1 (with G0 = 2 e 2 / h ) .
It follows that the resistance SR — l/G - h/2e2 after
subtraction of the contact resistance is just given by
SR = X/GO· In view of the mapping (2.12), the resis-
tance distribution P (SR, s) is given by
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P (SR, s) = G0(27r)-1/2(I/S)-3/2e-1's/4
uexp(—ii2
'ΓJ arcco
du-
,h(i+2G0SR) (coshu - l - 2G0(5.R)1/2 ·
(4.4)
The mean and variance of SR can be computed either
by integrating the distribution (4.4), or directly from the
differential equation (4.l).24 The result is
Varn~7Z =v<ti on
2G0
l
-ι). (4.5)
(4.6)
These results hold in both the metallic and the insu-
lating regimes. We now consider in some more detail the
metallic regime N/ s 3> 1. This implies i/s <C 1. Equa-
tions (4.5) and (4.6) reduce to
0(s/N)2 =
(4.7)
The complete distribution of the resistance SR [which fol-
lows from Eq. (4.4) in the limit vs -C 1] is the exponential
distribution
P(SR, s) = — exp
v s
SR] , SR > 0. (4.8)
For 7V » l the width vs ~ 2s/ ßN of the distribution
(4.8) has the 1/ß dependence announced in the Intro-
duction [Eq. (1.2)]. In Fig. 7 we have plotted the exact
distribution (4.4) (solid curves) for several values of s and
compared with the metallic limit (4.8) (dashed curves).
For v s < 0.1 (curves labeled a) the two results are almost
indistinguishable .
To make connection with some of the recent literature,
we remark that the exponential resistance distribution
(4.8) implies for the conductance the distribution
'exp l -
vs
0 < G < Go,
(4.9)
which is strongly peaked at G = GQ. This is completely
difFerent from the conductance distribution of a quantum
dot which is weakly coupled by two point contacts to
electron reservoirs.29'30
V. NUMERICAL SIMULATIONS
To test the analytical predictions we have carried out
numerical simulations of the Andersen model in the ge-
ometry of Fig. 3, using the recursive Green's function
technique.31 The disordered region (dotted) was mod-
eled by a tight-binding Hamiltonian on a square lattice
(lattice constant a), with a random impurity potential
at each site (uniformly distributed between i^f/d). The
constriction was introduced by assigning a large poten-
tial energy to sites at one end of the lattice (black in Fig.
1), so äs to create a nearly impenetrable barrier with
an opening in the center. The constriction itself con-
tained no disorder (the disordered region started at two
sites from the barrier). The Fermi energy was chosen at
Ep = 1.5it0 from the band bottom (with u0 = Ä2/2ma2).
The ratio s of sample length to mean free path which
appears in the theory was computed numerically from
Tftdtd = N(l + s)"1, with td the transmission matrix of
the disordered region without the constriction.32
The simulations for the many-channel and single-
channel point contact are discussed in two separate sub-
sections.
A. Many-channel point contact
<5R [h/2e2]
FIG. 7. Probability distribution of the resistance
SR = R — h/2e2 of a single-channel point contact, for sev-
eral values of v s = 2(L/l)(ßN + 2 - ß)~l. Curves a, 6, and c
correspond, respectively, to vs = 0.1, 0.2, and 0.5. The solid
curves are computed from Eq. (4.4), the dashed curves are
the exponential distribution (4.8) which is approached in the
metallic regime v a <§C 1.
Two geometries were considered for the wide disor-
dered region: a square geometry (L = W = 285α, cor-
responding to 7V = 119), and a rectangular geometry
(L = 285α, W = 93α, corresponding to N = 39). In each
case the width of the constriction was | W (corresponding
to 7VO = 40 and NO — 13 in the square and rectangular
geometries, respectively). The length of the constriction
was one site. The strength Uj. of the impurity poten-
tial was varied between 0 and 1.5u0, corresponding to s
between 0 and 11.7.
In Fig. 8 we compare the integrated eigenvalue den-
sity NQ §* dx' p(x', s), which is the quantity following
directly from the Simulation. The points are raw data
from a single sample. (Sample-to-sample fluctuations are
small, because the x
n
's are self-averaging quantities.5)
The data are in good agreement with the analytical result
of See. III C, without any adjustable parameters. No sig-
nificant geometry dependence was found (compare open
and closed Symbols in Fig. 8).
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FIG. 8. Comparison between theory and Simulation of the
integrated eigenvalue density for NO /N = 1/3 and for three
different disorder strengths (s = 0,3,11.7). Solid curves are
froni Eqs. (3.21) and (3.22), data points are the NO smallest
Xn's from the Simulation plotted in ascending order versus
n/'Na [filled data points are for a square geometry, open points
for a rectangular disordered region (L/W = 3)].
B. Single-channel point contact
We considered a square geometry (L = W = 47α,
corresponding to N — 20), and a rectangular geometry
(L = 47α, W = 23α, corresponding to 7V = 10). The
point contact was three sites wide and two sites long,
corresponding to NQ = 1. (The conductance in the ab-
sence of disorder was within 5% of 2e2/h.) The distri-
bution Ρ(δΗ, s) of the resistance 8R = R — h/2e2 was
computed by collecting data for some 104 realizations of
the impurity potential. To compare the cases β = l and
β = 2, we repeated the simulations in the presence of a
magnetic field of 50 flux quanta h/e through the disor-
dered region. (The magnetic field was graded to zero in
the ideal leads.) Two disorder strengths were considered:
Ud — 1.5«o (corresponding to s — 1.8) and Uj = S.ÖUQ
(corresponding to s = 8.3). The results are collected in
Fig. 9 and are in good agreement with the theoretical pre-
diction (4.4), again without any adjustable Parameters.
The theory agrees comparably well with the simulations
for the square and rectangular geometries, which shows
that the condition L > W for the validity of the DMPK
equation can be relaxed to a considerable extent.
We find it altogether quite remarkable that the amus-
ingly simple mapping (2.12) between the constricted and
unconstricted geometries is capable of reliably predicting
the complete distribution of the point-contact resistance,
including the effect of broken time-reversal symmetry.
We know of no other conventional theoretical technique
which could do the same.
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APPENDIX: ISOTROPICALLY DISTRIBUTED
TRANSFER MATRICES COMMUTE
We wish to show that the probability distribution
p(M) of a product M = MiM^M3 · · · of transfer ma-
trices is independent of the order of the matrix product,
under the assumption that the matrices Mt are indepen-
dently distributed with Isotropie distributions pz. Since
P — Pi * p2 * PS · · ·, it is sufficient to show that the con-
volution
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Pi * p j ( M ) = dMjpi(MM.j 1)Pj(Mj) (AI)
of any two isotropic distributions commutes.
By definition, the distribution p(M) is isotropic if it is
only a function of the eigenvalues of the product MM^.
This implies that
 P(M) = p(MT). (The superscripts f
and T denote, respectively, the Hermitian conjugate and
the transpose of a matrix.) As shown by Mello and co-
workers,7'8 the convolution of two isotropic distributions
is again isotropic. Hence
=
 Pi*Pj(MT)
=Pj *
(A2)
which proves the commutativity of the convolution of
isotropic distributions.
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